Abstract-The paper uses the LU-parametric representation of fuzzy numbers and fuzzy-valued functions, to obtain valid approximations of fuzzy generalized derivative and to solve fuzzy differential equations. The main result is that a fuzzy differential initial-value problem can be translated into a system of in nitely many ordinary differential equations and, by the LU-parametric representation, the in nitely many equations can be approximated ef ciently by a nite set of four ODEs. Some examples are included.
Introduction
The present paper aims to combine results of [1] and [2] with the parametric representation in [6] to obtain a new approximation results for fuzzy differential equations (FDE) with parametric representation. These results are used for numerically solving FDEs under the parametric representation. The problem is that a fuzzy initial value problem in general can be translated to a system consisting of in nitely many ODEs. However the systems are uncoupled, we cannot solve innitely many equations. This is why we have to approximate the solutions of FDEs.
Some examples are presented. We will denote R F the set of fuzzy numbers, i.e. normal, fuzzy convex, upper semicontinuous and compactly supported fuzzy sets de ned over the real line. The standard Hukuhara difference (H-difference • H ) is de ned by u • H v = w () u = v + w; while the generalized Hukuhara difference (gHdifference for short) is the fuzzy number w, if it exists, such that
If w = u • gH v exists as a fuzzy number, its level cuts 
Fuzzy differentiability
The following fuzzy differentiability concepts used are of generalized type. The rst concept was presented in [1] for the fuzzy case and the second in [5] . f
or (ii) 9f (x 0 ) H f (x 0 + h); f (x 0 h) H f (x 0 ) and
Based on the gH-difference we obtain the following denition (for interval-valued functions, the same de nition was suggested in [4] using inner-difference):
If f 0 gH (x 0 ) 2 R F satisfying (6) exists, we say that f is generalized Hukuhara differentiable (gH-differentiable for short) at x 0 . De ne
According to the de nition of gH-difference (1), we have two possibilities:
(ii)
If the limit in (6) exists, we say that f is 
LU-parametric representation
The Lower-Upper (LU) representation of a fuzzy number is a result based on the well known Negoita-Ralescu representation theorem, stating essentially that the membership form and the -cut form of a fuzzy number u are equivalent and in particular, the -cuts [u] = [u ; u + ] uniquely represent u, provided that the two functions ! u and ! u + , w.r.t. , are left continuous for all 2]0; 1], right continuous for = 0, monotonic (u increasing, u + decreasing) and u 1 u + 1 (for = 1). On the other hand, it is well known that monotonic functions have at most a countable number of points of discontinuity and a countable number of points where the derivative does not exist.
Denote the corresponding points by the increasing sequence ( j ) j2J with 0 < j 1 and J = ; (empty set) or J = f1; 2:::; pg ( nite set) or J = N (set of natural numbers).
Then the two functions u ; u + are differentiable internally to each of the subintervals ] j 1 ; j [ i.e., they are formed by a family of differentiable monotonic "pieces" (their restrictions to each subinterval are monotonic and differentiable).
For simplicity, in this presentation we will assume that J = ; (empty set); otherwise, we can repeat the following results on each of the subintervals.
So, u is assumed to be a fuzzy number with -cuts 
The lemma above is useful to characterize the gHdifferentiability of a fuzzy-valued function
. Based on the results established in [5] , when both f (x) and f + (x) are differentiable w.r.t. x for all 's, then thecuts of the gH-derivative of f are As f (x) and f + (x) de ne the -cuts of the fuzzy number f (x) for each x, clearly they are monotonic and almost everywhere differentiable w.r.t.
and satisfy the conditions of Lemma 1. Assume, for simplicity of presentation, that each function ! f (x) and ! f + (x) is differentiable w.r.t. .
Notation:
We will use the following notations:
, and, for short, given a fuzzy valued function f (x), we will denote by f (x) the pairs of functions ( f (x); f + (x)) 2[0;1] ; we will assume that the following equalities hold for the mixed derivatives:
The following theorem can be proved.
f is (i)-gH-differentiable at x if and only if:
f is (ii)-gH-differentiable at x if and only if:
De nition 3: A switching point x 0 2]a; b[ is such that gHdifferentiability changes from type (i) to type (ii) of from type (ii) to type (i). A switching interval ]x 0 ; x 1 [ is such that x 0 < x 1 and f is gH-differentiable on its left and on it right but not for all
Clearly, by the use of Theorem 2 below, it is easy to nd switching points or the starting point of switching intervals. (11) hold for x 0 < x < x 0 and not for x = x 0 then x 0 is a switching point or the left point of a switching interval. 2) if conditions (12) hold for x 0 < x < x 0 and not for x = x 0 then x 0 is a switching point or the left point of a switching interval. 3) if conditions (11) hold for x 0 < x < x 0 + and not for x = x 0 then x 0 is a switching point or the right point of a switching interval. 4) if conditions (12) hold for x 0 < x < x 0 + and not for x = x 0 then x 0 is a switching point or the right point of a switching interval. 
We have the following derivatives w.r.t. x of f (x) and
and the following derivatives w.r.t.
.
It follows that
At the point x = 0, f is (ii)-right-gH-differentiable and it is (ii)-gH-differentiable on the interval ]0; x 1 [ where In the light of using the results above in the setting of fuzzy differential equations, the LU-parametric representation of fuzzy numbers proposed in [6] , is shown to have a great application potential. We will recall here its basic elements.
First, we choose a family of "standardized" differentiable and increasing shape functions p : [0; 1] ! [0; 1], depending on two parameters 0 ; 1 0 such that 1. 
Then, the parametric shape functions above are adopted to represent the functions u (:) and u + (:) as "piecewise" differentiable, on a decomposition of the interval [0; 1] into N subintervals 0 = 0 < 1 < ::: < i 1 < i < ::: < N = 1: At the extremal points of each subinterval I i = [ i 1 ; i ], the values and the rst derivatives (slopes) of the two functions are given
and by the transformation t = Let p i (t) denote the model functions on I i ; we obtain, for example, p i (t) = p(t; 0;i ; 1;i ), p 
FDEs with LU-parametric approximation
Fuzzy differential equations can be considered now with different concepts of differentiability. Using the H-derivative, we can consider the classical Hukuhara differential equation
with the GH derivative we can consider the problem
with the gH-derivative we have the equation
Everywhere
Assumption A: We x a decomposition 0 = 0 < 1 < ::: < i 1 < i < ::: < N = 1 into N subintervals and we obtain an approximation of x(t) and f (t; x) in the form (17); simply, the functions x i (t), (22) is equivalent to the following integral equation
If we write (23) in terms of level cuts, we obtain case (i):
where
f (s; x ; x + )ds and
In both cases, the two integral equations above are independent for different values of 2 [0; 1], and are equivalent to the ordinary differential equations
As a nal step, we represent all the fuzzy quantities by the LU-fuzzy parametrization, with the meaning of the symbols as in (17); for each = i and i = 0; 1; :::; N we obtain the differential equations (i):
They are N + 1 independent (systems) of ordinary differential equations (four equations) with given initial conditions; they can be solved by any of the existing ef cient methods for ODE.
In the following theorem we use the results in [2] to obtain a parametrization of an FDE with GH-derivative.
We denote by D(x; y) the usual Hausdorff distance between two fuzzy numbers x; y 2 R F .
For simplicity of notation, the LU-parametric representations of a fuzzy number x 2 R F and of a function f (t; 
Assume that the conditions of Theorem 3.1 in [2] for the solvability of the fuzzy initial value problem
are satis ed. Then there exist LU-parametrizations x N" and f N" (t; x) with N " subintervals, such that the two solutions of (24) can be approximated with absolute error D(x(t); x N" (t)) < " on some interval [t 0 ; t 0 + k], by solving the following two sets of ODEs (i = 0; :::; N ):
After the preceding results, the LU parametric representation can be adopted to solve any FDE with fuzzy valued functions having at most a nite number of discontinuities (or points where the derivative w.r.t. does not exist); in fact, it is suf cient that the points b where there is a discontinuity or a non differentiability is included as a point i in the decomposition 0 Furthermore, it is possible to intercept the switching points (and the switching intervals) by the following simple rule, based on one of the theorems above.
Rule to detect a switching: Consider a time iteration of the FDE solver, i.e. we have evaluated the solution x i ( b t h); x + i ( b t h) at t = b t h and we perform the next iteration to obtain the solution at t = b t (i.e. with a step size h and assume that the discretization error of the solver is suf ciently small); suppose that x i ( b t h) < x 
Linear fuzzy differential equations
Consider the following linear fuzzy differential equations where, for all t 2 [t 0 ; T ], a(t) and b(t) are fuzzy numbers having
1.
The initial condition is x(t 0 ) = u where u is a given fuzzy number. We can write the four equations, in terms of gH-derivative, as
Splitting the four FDE in terms of (i) or (ii) gHdifferentiability, we obtain:
Considering that (i)-gH-differentiability requires (x (t)) t > 1 (x + (t)) 0 = (1 t)x + (t) + e t (1 2 ) t 1 (1 t)x (t) + e t (1 2 ) t > 1 x(0) = h 0:5; 0:5; 1i and the solution, obtained numerically using the LUparametric representation with N = 8, is the Hukuhara-type standard solution with increasing support (see Fig. 2 ). (x (t)) 0 = (1 t)x + (t) + e t (1 2 ) t 1 (1 t)x (t) + e t (1 2 ) t > 1 (x + (t)) 0 = (1 t)x (t) + e Fig. 3 . 
Conclusion
Following the ideas recently developed in [3] , we propose here to investigate fuzzy differential equations with gHdifferentiability and we suggest a numerical procedure using the LU-parametric representation.
